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Abstract
We study the dynamics of a charged spinning particle in a Reissner-
Nordstro¨m geometry using the hamiltonian formalism. We use covariant
instead of canonical momentum and a worldline along which the spin
tensor is covariantly constant. We find the equations of motion as well
as the constants of motion and give a full characterization of the circular
orbits for a minimal hamiltonian. We study the spin and charge depen-
dence of the innermost stable circular orbit.
In the last part we introduce a non-minimal hamiltonian, including spin-
spin interaction and an interaction between the spin tensor and the elec-
tromagnetic field. We show that the conserved quantities that we found
with the minimal hamiltonian are still constants of motion.
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Chapter1
Introduction
1.1 Compact objects
This thesis presents a framework for the computation of the motion of charged
compact spinning objects in the geometry of a charged black hole.
There are three main types of stellar compact objects : white dwarfs, neutron
stars and black holes. These objects differ from normal stars in the sense that
the inward gravitational pull is not balanced by thermal pressure, but, in the
case of white dwarfs and neutron stars, by degeneracy pressure [1]. Black holes
are even more exotic and are the result of unstoppable gravitational collapse (an
introduction of black holes will be given below). Compact objects typically have
a small radius and a very high density: White dwarfs have radii of 10−2R and
typical densities of 106 g/cm3 (for comparison, the density of the sun is 1.4 g/cm3
[2]). Neutron stars are even more compact: their typical radius is 10 km and their
typical density 1014 g/cm3. Black holes come in three types:
• end-state of stellar evolution, with a typical radius of a few kilometers. Typ-
ical densities are of the order of 1017 g/cm3.
• supermassive black holes at the center of galaxies. The mass of black holes
of this type can be as large as 109 M (with a radius of the order of 109 km),
but since the density decreases with the size of the black hole, supermas-
sive black holes have a moderate density: only a few grams per centimeter
cubed.
• primordial black holes, a hypothetical type of black hole that was formed in
the early universe [3]. Their mass would be of the order of 10−19M.
The study of compact objects is relevant for astrophysics because the three
types are all possible end states of the evolution of stars.
A couple of interesting processes might take place when a star has exhausted its
hydrogen fuel:
• the helium in the star is converted to carbon from which (depending on the
star’s mass) even heavier nuclei are formed. This process is called nucle-
osynthesis.
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• ejection of the outer shells in planetary nebulae or (for very heavy stars)
supernovae.
• gravitational collapse. During the formation of a white dwarf, the gravita-
tional collapse is halted by the degeneracy pressure of the electrons. When a
neutron star is formed, even the electron degeneracy pressure is not strong
enough to balance the collapse and electrons and protons are forced to
form neutrons. The neutron degeneracy pressure is enough to counteract
the gravitational forces. If even the neutron degeneracy pressure is not
large enough, nothing can halt the gravitational collapse and a black hole is
formed.
In order to study these interesting phenomena, we need to understand the mo-
tion of compact objects in great detail.
Another reason to study black holes in particular is their influence on the evo-
lution of galaxies. In this case, the compact object is used as a probe to study the
black hole.
It is believed that most galaxies have a supermassive black hole at their center [4],
with a mass ranging from millions to billions solar masses.
In 1974 the radio source Sagittarius A* was discovered at the center of our galaxy
[5] and in 2002 it was shown that this object must be a very heavy black hole [6].
Because of their extremely large mass, the black holes at the centers of galaxies
influence the evolution of these galaxies to a great extent.
1.2 Black Holes
Black holes were predicted by Einstein’s theory of General Relativity, but for a
long time it was generally assumed that they did not exist in reality [7]. Let us
first have a look at black holes in the theory of general relativity and then at their
role in astrophysics.
Shortly after Einstein published his theory of General Relativity in 1915, the
German astronomer Karl Schwarzschild published an exact solution of Einstein’s
equations for a ”mass point”[8]. The line element of this famous Schwarzschild
solution in Droste coordinates∗ is given by:
ds2 = −(1− 2M
r
)dt2 +
1
1− 2Mr
dr2 + r2dθ2 + r2 sin2 θdφ2, (1.1)
for a metric with
(−, +, +, +)-signature. The radius rS = 2M is called the
Schwarzschild radius. Units have been chosen such that c = 1 and Newton’s
constant, G = 1.
∗The Schwarzschild solution was independently and almost simultaneously found by Jo-
hannes Droste [9]. Droste used simpler coordinates, but he published his results too late. Even
though the solution is known as the ’Schwarzschild solution’, the formulation that is generally
used is the one found by Droste.
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It follows from Birkhoff’s theorem, that any spherically symmetric part of space-
time that is a solution to Einstein’s equation in vacuum has a Schwarzschild ge-
ometry [10], [11]. This means that the exterior of any massive, spherically sym-
metric, electrically neutral object can be described by the Schwarzschild metric.
Birkhoff’s theorem can be generalized to the exterior of a massive, spherically
symmetric, charged object, which can be described by the Reissner-Nordstro¨m
metric, that will be used in this thesis [12]. An object is called a black hole if all of
its mass is confined within its Schwarzschild radius.
It took more than forty years after the formulation of the Schwarzschild metric, to
understand the significance of the coordinate singularity at r = rS. In 1958 David
Finkelstein realised that the surface r = rS is an event horizon and that a black
hole is a region of space from which nothing (not even light) can escape [13].
From the efforts of Hawking, Israel and Carter the no-hair theorem emerged [11],
which states that the gravitational and electromagnetic field of a black hole are
completely determined by only three parameters: the mass M, the angular mo-
mentum J and the charge Q.
Since black holes do not emit radiation, they can only be detected by their in-
teraction with their environment. Black holes that are the end state of some star
can be detected when they are moving in a binary system together with a normal
star (approximately two thirds of all stars are members of a binary pair [3]). If
the binary system has a small orbit, material of the normal star is transferred to
the black hole, forming an accretion disk around it. The material that falls in-
wards loses gravitational energy, thereby emitting gravitational and electromag-
netic waves. Gravitational waves are very hard to detect, but the electromagnetic
radiation that is produced in this process can be detected by X-ray detectors.
However, the process described above is not unique for black holes; material
from a normal star in a binary system can also form an accretion disk around
a neutron star. Neutron stars can not be more massive than a few solar masses
(Tolman-Oppenheimer-Volkoff-limit), so if the invisible object has a larger mass,
it can be concluded that it is a black hole.
The first observation of a system that seemed to contain a black hole was in 1972
[7]. The system was an X-ray binary source called Cygnus X-1, that was com-
posed of a giant star and an invisible companion.
The observation of supermassive black holes at galactic centers is a different
challenge: the observation is not only hindered by the fact that black holes are
black, but also by the fact that the radius of the black hole is typically 10 million
times smaller than the radius of the entire galaxy [3]. The presence of a black hole
is generally inferred from the motion of the objects orbiting around it: if these
orbits require a very large mass in a small volume it is assumed that this object
must be a black hole. In figure 1.1 the orbits of six stars orbiting the black hole in
the Milky Way are shown.
Supermassive black holes in galactic centers are associated with the phenomenon
of Active Galactic Nuclei (AGN): intense radiation that is produced at the center
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of galaxies. This radiation produced at the core can be as luminous as the total
radiation of all the stars in the galaxy together. It is assumed that black holes
are responsible for this process, since an enormous amount of energy is released
when particles fall into a black hole.
1.3 Objective
This research project fits in the larger objective of being able to compute the mo-
tion of compact objects in a black hole geometry. We are working in the test-
particle limit: the particle mass m is much smaller than the mass M of the black
hole and the compact object can be fully characterised by its mass, spin and
charge. The goal of the research [15] and of this thesis, is to determine the motion
of spinning test particles.
The equations of motion of classical spinning test particles in general relativity
were found by Papapetrou in 1951 [16]. In 2015, d’Ambrosi et al. introduced a
formalism in which the equations of motion of spinning particles are much sim-
plified [15]. In their article, d’Ambrosi et al., use a parametrization for which the
spin tensor is conserved along the world line of the test particle. This allows them
to give a full characterization of circular orbits in terms of the radius and the total
angular momentum. They also study the equations of motion for a non-minimal
hamiltonian that contains a spin-spin interaction (equivalent to the Stern-Gerlach
force) via the gravitational field.
Figure 1.1: Orbits of six stars orbiting Sagittarius A* [14]
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In the field of quantum mechanics, spin has always been a topic of extensive
investigation. Soon after Bohr’s introduction of the hydrogen model, the effect of
spin-orbit coupling on the fine structure was already calculated [17]. Spin-orbit
coupling also plays an important role in atomic an molecular physics [18], [19].
It becomes clear that spin deserves a lot of attention in general relativity as well
if we look at our own universe that contains many spinning objects; consider for
example our own Earth, or neutron stars, that can perform hundreds rotations
per second [20]. Using the same formalism as in [15], it is possible to study the
dynamics of spinning objects for more general spacetimes than the Schwarzschild
spacetime.
In this thesis we will restrict our attention to charged non-rotating (Reissner-
Nordstro¨m) black holes. We study the motion of test particles that have spin
as well as charge.
1.4 The Reissner-Nordstro¨m geometry
The geometry of a charged, non-rotating black hole is described by a Reissner-
Nordstro¨m metric. The most general Reissner-Nordstro¨m black hole has an elec-
tric charge as well as a magnetic charge, but we will study the slightly simpler
case of electric charge Q only. This is a very reasonable assumption, since mag-
netic monopoles have never been observed. The Reissner-Nordstro¨m metric is
given by:
ds2 = −(1− 2M
r
+
Q2
r2
)dt2 +
1
1− 2Mr + Q
2
r2
dr2 + r2dθ2 + r2 sin2 θdφ2, (1.2)
with M the mass of the black hole. Units are again chosen such that c = 1, G = 1
and no factor of 4pi appears in Coulombs law.
The only nonzero components of the electromagnetic field strength tensor are Frt
and Ftr [21]:
Frt = −Ftr = Qr2 . (1.3)
The black hole has event horizons at
r± = M±
√
M2 −Q2. (1.4)
Black holes with Q2 > M2 do not have an event horizon and the singularity at
r = 0 would thus be a naked singularity, which means that particles could travel
all the way to r = 0 and then return safely. This does not only violate Penrose’s
cosmic censorship conjecture [22], but it would also imply that the mass con-
stituting the black hole would be negative [21]. We will only consider the case
Q2 ≤ M2. A black hole with Q2 = M2 has only one horizon and is called an
extremal black hole.
The Christoffel symbols and the non-zero components of the Riemann curvature
tensor can be found in Appendix A.
6
Chapter2
Phase-space structure
In analogy with [15], we will specify the dynamics by defining a phase space, a
set of Poisson-Dirac brackets and a hamiltonian.
Because of the presence of the gravitational and electromagnetic gauge fields, the
canonical momenta in the hamiltonian formalism become gauge dependent. This
difficulty can be avoided by the use of covariant momentum (analogous to the use
of covariant derivatives in quantum field theory), which allows us to find gauge
covariant equations of motion. The use of covariant momenta is discussed in [23].
In addition to the position and momentum degrees of freedom, xµ and piµ, the
spin degrees of freedom can be described by an antisymmetric spin tensor Σµν.
The tensor can be decomposed into two four-vectors
Sµ =
1
2
√−ge
µνκλuνΣκλ and Zµ = Σµνuν, (2.1)
with the time-like vector u, for which uµuµ = −1. S is the Pauli-Lubanski pseudo-
vector that can be associated with a magnetic dipole moment or internal angular
momentum and Z is the Pirani vector that can be associated with an electric or
mass dipole moment [24], [25].
Both vectors are spacelike.
The set of Dirac-Poisson brackets that we will use is almost identical to the
set used in [15], with only one addition to the momentum-momentum term to
account for the electric field.
{xµ, xν} = 0
{piµ,piν} = 12Σ
κλRκλµν + qFµν
{Σµν,Σκλ} = gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ
{xµ,piν} = δµν
{xµ,Σκλ} = 0
{Σµν,piλ} = Γ µλ κΣνκ − Γ νλ κΣµκ
(2.2)
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In Appendix B we will prove that the Jacobi identities hold for the brackets that
are given above.
As a last ingredient of the phase-space structure we need to specify a hamilto-
nian. In the main part of this thesis we will work with the minimal hamiltonian
defined by
H0 =
1
2m
gµνpiµpiν. (2.3)
In the last part of this thesis we will also consider an non-minimal hamiltonian:
H = H0 +
κ
4
RµνκλΣµνΣκλ + λFµνΣµν. (2.4)
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Chapter3
Equations of Motion and Conserved
quantities
3.1 Equations of Motion
For functions A (that can be scalars as well as tensors) that are parametrized in
terms of the proper time τ, the evolution equation can be found from the bracket
with the hamiltonian:
dA
dτ
= {A, H0}. (3.1)
We can find the equations of motion for xµ, piµ and Σµν:
•
x˙µ = {xµ, H0} = 1mg
µνpiν, (3.2)
which means that the momentum is proportional to the four-velocity uµ:
piµ = mgµν x˙ν. (3.3)
•
p˙iµ = {piµ, H0} = Γ νµ λpiν x˙λ +
1
m
(
1
2
ΣκλR νκλµ piν + qF
ν
µ piν). (3.4)
This can be rewritten in terms of the component of the covariant derivative
parallel to the world line xµ(τ):
Dτpiµ =
1
m
(
1
2
ΣκλR νκλµ piν + qF
ν
µ piν). (3.5)
•
Σ˙µν = {Σµν, H0} = x˙σ(Γ µσ ρΣνρ − Γ νσ ρΣµρ), (3.6)
from which it follows that the spin-tensor is covariantly conserved along
the world line:
DτΣµν = 0. (3.7)
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By substitution of equation 3.3 into equation 3.5, we obtain
D2τx
µ = x¨µ + Γ µλ ν x˙
λ x˙ν =
1
m
(
1
2
ΣκλR µκλ ν x˙
ν + qFµν x˙ν), (3.8)
which reduces to the geodesic equation for Σ = 0 and F = 0 or q = 0.
Even though the spin tensor is covariantly constant, the Pauli-Lubanski and Pi-
rani vectors are not:
DτSµ =
1
2m
√−ge
µνκλΣκλuσ(
1
2
ΣαβRαβνσ + qFνσ), (3.9)
and
DτZµ =
1
m
Σµνuσ(
1
2
ΣαβRαβνσ + qFνσ). (3.10)
3.2 Constants of Motion
By construction, the hamiltonian is a constant of motion with value
H0 = −m2 . (3.11)
It follows from equation 3.7, that the total spin is also conserved:
I =
1
2
gκµgλνΣκλΣµν = SµSµ + ZµZµ. (3.12)
Additional constants of motion J are solutions to the equation:
{J, H0} = 1mg
µνpiν[
∂J
∂xµ
+ Γ κµ λpiκ
∂J
∂piλ
+ (
1
2
ΣαβRαβλµ + qFλµ)
∂J
∂piλ
+ Γ κµ αΣ
λα ∂J
∂Σκλ
] = 0.
(3.13)
Consequently, constants of motion that are linear in the phase space variables are
of the form:
J = γ+ ασpiσ +
1
2
βστΣστ, (3.14)
with
∇µαν +∇ναµ = 0
∇λβµν = R κµνλ ακ or βµν =
1
2
(∇µαν −∇ναµ)
∂µγ = qFµλαλ.
(3.15)
αµ is an isometry of the metric (a so-called Killing vector). The metric is invariant
under a general coordinate transformation in the direction of αµ. The Reissner-
Nordstro¨m metric has the same Killing vectors as the Schwarzschild metric: ∂t,
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∂φ, sin φ∂θ + cot θ cos φ∂φ and cos φ∂θ − cot θ sin φ∂φ.
The four corresponding constants of motion are given by:
E =
qQ
r
− pit − (Mr2 −
Q2
r3
)Σtr,
J1 =− sin φpiθ − cos θ cos φsin θ piφ − r sin φΣ
rθ
− r sin θ cos θ cos φΣrφ + r2 sin2 θ cos θΣθφ,
J2 = cos φpiθ − cos θ sin φsin θ piφ + r cos φΣ
rθ
− r sin θ cos θ sin φΣrφ + r2 sin2 θ sin φΣθφ,
J3 =piφ + r sin2 θΣrφ + r2 sin θ cos θΣθφ.
(3.16)
These constants of motion correspond to conservation of energy and conservation
of total angular momentum.
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Chapter4
Planar Orbits
The motion of spinless particles in a spherically symmetric geometry is always
confined to a plane. In [15] it is noted that this statement no longer holds for par-
ticles with nonzero spin. Precession of spin can be compensated by precession
of the orbital angular momentum, such that the total angular momentum is con-
served, but the orbit is not planar anymore. However, planar motion is possible
under certain conditions.
In this chapter, we will closely follow the analysis of [15].
For planar motion, the direction of the angular momentum must be conserved,
which results in the constraint J1 = J2 = 0 if the plane of motion is the plane
θ = pi2 . The momentum in the direction perpendicular to the plane should be
zero, piθ = 0. From the expressions for J1 and J2, it follows that Σrθ = 0 and
Σθφ = 0, so the spin must be aligned with the orbital angular momentum. From
the absence of acceleration in the plane perpendicular to θ = pi2 , it follows that
Σθt = 0 as well.
The remaining constants of motion simplify to:
E =
qQ
r
− pit − (Mr2 −
Q2
r3
)Σtr and J = piφ + rΣrφ. (4.1)
The simplest case of planar motion is circular motion, for which r = R and pir = 0.
In this case, the hamiltonian constraint reduces to:
(1− 2M
R
+
Q2
R2
)ut2 = 1+ R2uφ2. (4.2)
In order to stay at fixed r, the radial acceleration should also be zero:
mut2
2MR3 − 3M2R2 + 6MRQ2 − 3R2Q2 − 2Q4
R3(MR−Q2) +mu
φ2−R3 + 3MR2 − 2RQ2
R2 − 2MR+Q2
= −ut((E− qQ
R
)
−2MR+ 3Q2
R(MR−Q2) +
qQ
R2
) + uφ
J
R
MR−Q2
R2 − 2MR+Q2
(4.3)
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Together, equations 4.2 and 4.3 fully determine ut and uφ, so they must be con-
stants and their derivatives should thus be zero. For ut we find:
dut
dτ
=
1
mR2
Σtφ(MR−Q2)uφ = 0 (4.4)
and for uφ:
duφ
dτ
=
1
mR6
Σtφ(R2 − 2MR+Q2)(MR−Q2)ut. (4.5)
From both equations it follows that Σtφ must be zero. Since Σtφ must always
remain zero, we obtain another equation in terms of ut and uφ from the vanishing
rate of change:
0 = R(R2 − 2MR+Q2)(MR−Q2)Σ˙tφ
= mutuφR(−3M2R2 − R4 + 4MR3 + 2MRQ2 − 2R2Q2)
− ut J
R
(MR−Q2)2 + uφ(ER3 − qQR2)(R2 − 2MR+Q2).
(4.6)
Finally, using equations 4.2 and 4.3, it is possible to eliminate E and ut from equa-
tion 4.6. After some rearrangement, we obtain:
J(Q2 −MR)(−2MR+ 3Q2 − R2uφ2(R2 − 2Q2))
= qQR2uφ(R2 − 2MR+Q2)
√
(1+ R2uφ2)(R2 − 2MR+Q2)
+mR2uφ((Q2 −MR)(2Q2 − R2)− R3uφ2(−5MQ2 + 6M2R+ 4Q2R
− 6MR2 + R3)),
(4.7)
which fully determines uφ in terms of R, J, Q and M. ut can then be determined
from equation 4.2
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Chapter5
Dependence of the radius of the ISCO
on the charge and spin of the particle
In Newtonian gravity, a massive test particle can move in a stable orbit around a
gravitating object at any radius. For spherically symmetric black holes in general
relativity, this is no longer the case; there is an innermost stable circular orbit
(ISCO).
Figure 5.1: Effective potential for different values of LM for a massive particle orbiting a
Schwarzschild black hole [26]
In a Schwarzschild geometry, the motion of a test particle can be described in
terms of an effective potential [21]:
1
2
ur2 +V(r) =
1
2
E2, (5.1)
with
V(r) =
1
2
− M
r
+
L2
2r2
− ML
2
r3
, (5.2)
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where L = R2uφ, the orbital angular momentum per unit mass. In figure 5.1 the
effective gravitational potential of a particle without spin is drawn as a function
of the radial distance, for different values of the orbital angular momentum. For
an angular momentum L >
√
12M, the potential has a maximum, which corre-
sponds to an unstable circular orbit, and a minimum, that corresponds to a stable
orbit. For L = LISCO =
√
12M, the potential has only one critical point, which
corresponds to a marginally stable orbit. In fact, the name ISCO is not completely
correct, since only orbits with r > rISCO can be stable and the ISCO itself is only
marginally stable. As becomes clear from figure 5.1, for values of the angular mo-
mentum smaller than the value at the ISCO, the potential has no minimum and
stable orbits are not possible.
ISCOs are relevant for astrophysics, since they are the inner radius of the accretion
disk of a black hole.
We will find the radius of the ISCO by setting the derivative of L with respect
to R in equation 4.7 equal to zero, while keeping σ and q constant. Substitution
of the value of the found expression for L into equation 4.7 itself then gives an
expression for RISCO in terms of the spin and charge of the particle.
5.1 The spinless Schwarzschild case
To make the procedure clear, let’s look at a spinless particle orbiting a Schwarzschild
black hole first. It can be shown that for Schwarzschild the angular momentum
L ≡ R2uφ per unit mass is related to the radius of the orbit in the following way
[11]:
L2(R− 3M)−MR2 = 0. (5.3)
By taking the derivative with respect to R and demanding that dLdR = 0, we find
that
LISCO =
√
2MR and RISCO = 6M. (5.4)
5.2 The Reissner-Nordstro¨m case
To find the radius of the ISCO for a spinning particle in a Reissner-Nordstro¨m-
geometry, we take the derivative of equation 4.7 with respect to R.
We first split the constant of motion J into an orbital and internal angular mo-
mentum:
J = mL+ Rσ (5.5)
with
L = R2uφ. (5.6)
We simplify the notation by introducing three dimensionless quantities:
x ≡ R
M
, y ≡ L
M
, w ≡ Q
M
. (5.7)
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In these variables, equation 4.7 can be rewritten as:
σ
m
x(x− w2)(x2(2x− 3w2) + y2(x2 − 2w2)) = y(x2 − 2x+ w2)[(x2(x− w2)
− y2(−3x+ x2 + 2w2))− qw
m
x
√
(x2 + y2)(x2 − 2x+ w2)].
(5.8)
5.2.1 The case σ = 0
Before we look at the most general case of a particle with spin and charge, we will
first look at the case without spin. For σ = 0, equation 5.8 simplifies to
x2(x− w2)− y2(−3x+ x2 + 2w2) = qw
m
x
√
(x2 + y2)(x2 − 2x+ w2). (5.9)
Taking the derivative with respect to x, while demanding that dydx = 0 and that w
is a constant, yields:
x2 + (3− 2x)y2 + 2x(x− w2) = qw
(
3x4 − 5x3 + 2x2 (y2 + w2)− 3xy2 + y2w2)
m
√
(x2 + y2) (x2 − 2x+ w2) .
(5.10)
These two equations determine the radius of the ISCO as a function of the charge
of the particle and the charge of the black hole. The analytic solution can be
found in Appendix C. In figure 5.2 the radius of the innermost stable circular or-
bit is plotted as a function of the charge of the test particle, for four different black
Q
M
=0.1
Q
M
=0.5
Q
M
=0.8
Q
M
=0.99
-1.0 -0.5 0.0 0.5 1.02
3
4
5
6
7
8
q
m
R
M
Figure 5.2: Dependence of the ISCO radius on the test particle’s charge
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holes. Elimination of y2 yields two solutions (see equation C.3). The right (left)
part of the graph corresponds to the solution with the +(−)-sign.
We only look at the interval | qm | ≤ 1, since larger charge-to-mass ratios would be
unphysical (as was explained in chapter 1).
From the figure it becomes clear that for a weakly to intermediately charged
black hole (| QM | < 0.5), the radius of the ISCO only depends on the charge very
weakly. The ISCO radius remains close to the Schwarzschild value (6M). For more
strongly charged black holes we notice that for particles with a charge opposite to
that of the black hole the radius of the ISCO increases with the magnitude of the
particle’s charge. Due to the extra electrical attraction, the particle needs to stay
further from the black hole to move in a stable orbit. For not too large test charges
with the same sign, the effect is opposite, the charged particle has a smaller ISCO
than a neutral one. However, for large enough values of the charge of the test
particle, the ISCO becomes larger again. For extremal test particles (with qm = 1)
moving around an extremal black hole RISCO → ∞, so there is no stable orbit
possible.
Let’s try to explain the graph by looking at the effective potential [27]
V =
qQ
mr
+
√
(1+
L2
r2
)(1− 2M
r
+
Q2
r2
). (5.11)
In figure 5.3 a graph of the effective potential of a black hole with QM = 0.8 and a
test particle with qm = 0.8 is shown for several values of the angular momentum
L. The graphs shows an inflection point for L = 4.11, the angular momentum
corresponding to the ISCO of figure 5.2. If we compare equation 5.11 to figure 5.2,
we must conclude that for a large part of the graph, the L
2
m2r2 term dominates the
L
M
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L
M
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L
M
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L
M
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L
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Figure 5.3: Effective potential for QM = 0.8 and
q
m = −0.8 for several values of L
.
17
Coulomb term. This explains why opposite charges are repelled, instead of at-
tracted. Figure 5.4 confirms this picture: the decrease of the ISCO radius is caused
by a decrease in L. However, for large enough q, the angular momentum becomes
so small that the term is no longer dominant and the ISCO radius increases due to
Coulomb repulsion.
-1.0 -0.5 0.0 0.5 1.01
2
3
4
5
q
m
L
M
Figure 5.4: Angular momentum on the ISCO as a function of the test particle charge for
Q
M = 0.8
5.2.2 The case σ 6= 0
Taking the derivative of equation 5.8 with respect to x, without setting σ = 0
yields:
σ
m
(10x4 + 4x3y2 − 20x3w2 − 4xy2w2 − 3x2y2w2 + 9x2w4 + 2y2w4)
= y((x2 − 2x+ w2)(3x2 + 3y2 − 2x(y2 + w2)) + 2(x− 1)(x3
+ 3xy2 − 2y2w2 − x2(y2 + w2))− qw(x
2 − 2x+ w2)
m
√
(x2 + y2)(x2 − 2x+ w2)
(5x4 − 7x3 + 2x2(2y2 + w2)− 5xy2 + y2w2).
(5.12)
Equations 5.8 and 5.12 allow the elimination of y, so that xISCO can be plotted as
a function of σm ,
q
m and w. Elimination of
qw
m yields a fifth order polynomial in y
and elimination of σm yields a fifth order polynomial in y
2, so we used Wolfram
Mathematica to solve the problem numerically.
In figure 5.5 the radius of the ISCO is plotted as a function of the test particle’s
spin. In figure 5.5a the dependence is shown for a weakly charged black hole,
for which the charge of the test particle almost has no influence. If the spin of
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(b) Strongly charged black hole
Figure 5.5: Dependence of the ISCO radius on the test particle’s spin
the particle is aligned with its orbital angular momentum ( σm > 0), the ISCO ra-
dius becomes smaller than the Schwarzschild value, asymptotically reaching the
value of the outer horizon. If the spin of the particle is anti-aligned with its orbital
angular momentum, the ISCO radius becomes larger.
The spin dependence of the ISCO radius of a strongly charged black hole is quali-
tatively the same as for a weakly charged black hole, but in this case, the particle’s
charge does influence the ISCO radius. For positive or slightly negative spin val-
ues, a particle with charge opposite to the charge of the black hole has the largest
ISCO radius. This is the same effect as in the left part of figure 5.2. However,
around σm = −0.6 the opposite effect takes over: a particle with opposite charge
has a smaller ISCO than the neutral particle and the particle. For positive spin, the
effect of the particle’s charge is more significant than for negative spin, because
the Coulomb force falls off as 1r .
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Chapter6
Non-minimal hamiltonian
We now look at the case of a hamiltonian that is no longer minimal:
H = H0 + H1, (6.1)
with H1 given by
H1 =
κ
4
RµνκλΣµνΣκλ + λFµνΣµν. (6.2)
The first term of equation 6.2, that was also introduced in [15], corresponds to
spin-spin coupling via the gravitational field and the second term corresponds to
coupling of the spin tensor to the electromagnetic field. The equation of motion
for xµ does not change, but the equation of motion for piµ is modified to:
p˙iµ = {piµ, H} = Γ νµ λpiν x˙λ +
1
m
(
1
2
ΣκλR νκλµ piν + qF
ν
µ piν)
− κ
4
ΣκλΣρσ∇µRκλρσ − λΣκλ∇µFκλ
(6.3)
or
Dτpiµ =
1
m
(
1
2
ΣκλR νκλµ piν + qF
ν
µ piν)−
κ
4
ΣκλΣρσ∇µRκλρσ − λΣκλ∇µFκλ. (6.4)
The last term is the Stern-Gerlach force and the third term is its gravitational
equivalent.
The equation of motion for Σµν is modified to:
Σ˙µν = {Σµν, H} = xσ(Γ µσ ρΣνρ − Γ νσ ρΣνρ) + κΣκλ(R µκλ σΣνσ − R νκλ σΣµσ)
+ 2λ(FµλΣ
νλ − FνλΣµλ).
(6.5)
or
DτΣµν = κΣκλ(R
µ
κλ σΣ
νσ − R νκλ σΣµσ) + 2λ(FµλΣνλ − FνλΣµλ), (6.6)
so the spin tensor is no longer conserved along the world line of the particle. The
equations of motion for the Pauli-Lubanski and Pirani vectors are given by:
DτSµ =
1
2
√−ge
µνκλ[Σκλ
1
m
((
1
2
ΣαβR ραβν uρ + qF
ρ
ν uρ)− κ4Σ
αβΣρσ∇νRαβρσ − λΣαβ∇νFαβ)
uν(κΣαβ(R σαβκ Σλσ − R σαβλ Σλκ) + 2λ(F σκ Σλσ − F σλ Σκσ))]
(6.7)
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and
DτZµ =uν(κΣκλ(R
µ
κλ σΣ
νσ − R νκλ σΣµσ) + 2λ(FµλΣνλ − FνλΣµλ))
+
1
m
Σµν(
1
2
ΣκλR σκλν uσ + qF
σ
ν uσ −
κ
4
ΣκλΣρσ∇νRκλρσ − λΣκλ∇νFκλ)
(6.8)
We will show that constants of motion of the form 3.14 are still conserved. In
[15] it is already shown that the Poisson bracket of J with the spin-spin part of H1
is zero. The Poisson Bracket of J with the part of H1 containing the Field-Strength
tensor is given by:
{J,λFκλΣκλ} = ∂J∂Σµν {Σ
µν,λFκλΣκλ}+ ∂J∂piµ {piµ,λFκλΣ
κλ}
= λ(βµνFκλ(gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ)
+ αµ(−∂µFκλΣκλ + Fκλ(Γ λµ ρΣκρ − Γ κµ ρΣλρ)))
= λ(4βµνF
µ
λΣ
νλ − αµ∇µFκλΣκλ)
= λΣκλ(4∇µακFµλ + αµ(∇κFλµ +∇λFµκ))
= λΣκλ(4∇µακFµλ + 2αµ∇κFλµ)
= λΣκλ(−4∇καµFµλ + 2αµ∇κFλµ),
(6.9)
where we used equation 3.15 in the fourth line and the Ricci identity of the elec-
tromagnetic field in the fifth line.
To see that this is zero, we need to look at the expressions of αµ and Fµν for the
Reissner-Nordstro¨m black hole. Let’s first look at the first term:
The only nonzero component of the field strength tensor is the tr-component, so
the only nonzero contribution of∇καµFµλ is given by the product of the covariant
derivative of the t-component of the timelike Killing vector with Ftr. However,
the only nonzero component of the covariant derivative of αt is the r-component.
Since the term is contracted with the antisymmetric spin tensor, which has Σrr =
0, the first term is zero.
For the second term, the only non-zero component of ∇κFλµ is for κ = r. Again,
only contraction with the time component of α yields a nonzero contribution.
However, this again has to be contracted with Σrr, so this term also yields zero.
This shows that the conserved quantities found in chapter 3 are still constants of
motion.
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Chapter7
Conclusion
In this thesis, we generalized the work done in [15]: we found the equations of
motion and the conserved quantities of a charged spinning particle in a Reissner-
Nordstro¨m geometry. We found that the inclusion of the electric field gave rise
to a Lorentz force in the equation for the momentum, but it did not influence the
equation of motion of the spin.
We found that energy and the total angular momentum were constants of motion.
Focusing on circular orbits, we found an expression for uφ in terms of the radius
R and the total angular momentum J. ut and the energy E could be calculated in
terms of uφ.
We found that the effect of spin on the radius of the innermost stable circular
orbit was dominant over the effect of charge for negative spin, but for positive
spin the Coulomb force gives a significant contribution. We found the interesting
result that a particle with charge |q/m| = 1 with the same sign as the charge of
an extremal black hole can never find a stable orbit.
In the last chapter we added two more interactions to the hamiltonian: a spin-
spin interaction via the gravitational field and an interaction between the spin
and the electric field. We showed that the spin was no longer conserved along
the world line, but the other conserved quantities were still constants of motion.
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AppendixA
Christoffel symbols and Riemann
Curvature tensor
The Christoffel symbols of the Reissner-Nordstro¨m metric are given by:
Γ rr r = −
Mr−Q2
r(r2 − 2Mr+Q2) Γ
r
t t =(1−
2M
r
+
Q2
r2
)(
M
r2
− Q
2
r3
)
Γ tt r =
Mr−Q2
r(r2 − 2Mr+Q2 Γ
θ
r θ =
1
r
Γ rθ θ = −(r− 2M+
Q2
r
) Γ φr φ =
1
r
Γ rφ φ = − sin2 θ(r− 2M+
Q2
r
) Γ θφ φ =− sin θ cos θ
Γ φθ φ =
cos θ
sin θ
(A.1)
The non-zero components of the Riemann curvature tensor are given by:
R tθtθ = (
M
r
− Q
2)
r2
)
R φθφθ = −
2M
r
+
Q2
r2
R rθrθ =
M
r
− Q
2
r2
R trtr =
−2Mr+ 3Q2
r2(r2 − 2Mr+Q2)
R φrφr =
Mr−Q2
r2(r2 − 2Mr+Q2)
R φtφt = −
1
r
(1− 2M
r
+
Q2
r2
)(
M
r2
− Q
2
r3
)
(A.2)
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AppendixB
Jacobi Identities
In this chapter we will prove that the Jacobi identities
{A, {B,C}}+ {B, {C, A}}+ {C, {A, B}} = 0 (B.1)
hold for the Dirac-Poisson brackets defined in Chapter 2.
For the bracket of the spin tensor with two momenta, rearranging the terms
shows that all of the Jacobi identity terms cancel:
{piµ, {piν,Σκλ}}+ {piν, {Σκλ,piµ}}+ {Σκλ, {piµ,piν}}
= {piµ, Γ λν ρΣκρ − Γ κν ρΣλρ}+ {piν, Γ κµ ρΣλρ − Γ λµ ρΣκρ}
+ {Σκλ, 1
2
ΣρσRρσµν + qFµν}
= Γ λν ρ(Γ
ρ
µ σΣκσ − Γ κµ σΣρσ)− Σκρ∂µΓ λν ρ − Γ κν ρ(Γ ρµ σΣλσ − Γ λµ ΣΣρσ)
+ Σλρ∂µΓ κν ρ + Γ
κ
µ ρ(Γ
ρ
ν σΣλσ − Γ λν σΣρσ)− Σλρ∂νΓ κµ ρ
− Γ λµ ρ(Γ ρν σΣκσ − Γ κν σΣρσ) + Σκρ∂νΓ λµ ρ
+
1
2
Rρσµν(gκρΣλσ − gκσΣλρ − gλρΣκσ + gλσΣκρ)
= Σκσ(−∂µΓ λν σ + ∂νΓ λµ σ + Γ ρµ σΓ λν ρ − Γ ρν σΓ λµ ρ + R λµνσ )
+ Σλσ(∂µΓ κν σ − ∂νΓ κµ σ − Γ ρµ σΓ κν ρ + Γ ρν σΓ κµ ρ − R λµνσ )
+ Σρσ(−Γ λν ρΓ κµ σ + Γ κν ρΓ λµ σ − Γ κµ ρΓ λν σ + Γ λµ ρΓ κν σ) = 0.
(B.2)
The Jacobi identity for momentum with two spin tensors vanishes due to the
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fact that the covariant derivative of the metric is zero.
{piµ{Σκλ,Σρσ}}+ {Σκλ, {Σρσ,piµ}}+ {Σρσ, {piµ,Σκλ}}
= {piµ, gκρΣλσ − gκσΣλρ − gλρΣκσ + gλσΣκρ}
+ {Σκλ, Γ ρµ τΣστ − Γ σµ τΣρτ}+ {Σρσ, Γ λµ τΣκτ − Γ κµ τΣλτ}
= −Σλσ∂µgκρ + gκρ(Γ σµ τΣλτ − Γ λµ τΣστ) + Σλρ∂µgκσ
− gκσ(Γ ρµ τΣλτ − Γ λµ τΣρτ) + Σκσ∂µgλρ + gλρ(Γ σµ τΣκτ − Γ κµ τΣστ)
− Σκρ∂µgλσ + gλσ(Γ ρµ τΣκτ − Γ κµ τΣρτ)
+ Γ ρµ τ(gκσΣλτ − gκτΣλσ − gλσΣκτ + gλτΣκσ)
− Γ σµ τ(gκρΣλτ − gκτΣλρ − gλρΣκτ + gλτΣκρ)
+ Γ λµ τ(g
ρκΣστ − gρτΣσκ − gσκΣρτ + gστΣρκ)
− Γ κµ τ(gρλΣστ − gρτΣσλ − gσλΣρτ + gστΣρλ)
= −Σλσ∇µgκρ + Σλρ∇µgκσ + Σκσ∇µgλρ − Σκρ∇µgλσ = 0
(B.3)
For three momenta, the Jacobi identity holds due to the Bianchi identities of
the Maxwell and Riemann tensor.
{piµ, {piν,piλ}}+ {piν, {piλ,piµ}}+ {piλ, {piµ,piν}}
= {piµ, 12Σ
σρRσρνλ + qFνλ}+ {piν, 12Σ
σρRσρλµ + qFλµ}+
{piλ, 12Σ
σρRσρµν + qFµν}
=
1
2
Rσρνλ(Γ
ρ
µ τΣστ − Γ σµ τΣρτ)−
1
2
Σσρ∂µRσρνλ + q∂µFνλ
+
1
2
Rσρλµ(Γ
ρ
ν τΣστ − Γ σν τΣρτ)−
1
2
Σσρ∂νRσρλµ + q∂νFλµ
+
1
2
Rσρµν(Γ
ρ
λ τΣ
στ − Γ σλ τΣρτ)−
1
2
Σσρ∂λRσρµν + q∂λFµν
=
1
2
Σσρ(−∂µRσρνλ + Γ τµ σRτρνλ + Γ τµ ρRστνλ + Γ τµ νRσρτλ + Γ τµ λRσρντ
− ∂νRσρλµ + Γ τν σRτρλµ + Γ τν ρRστλµ + Γ τν λRσρτµ + Γ τν µRσρλτ
− ∂λRσρµν + Γ τλ σRτρµν + Γ τλ ρRστµν + Γ τλ µRσρτν + Γ τλ νRσρµτ)
= −1
2
Σσρ(∇µRσρνλ +∇νRσρλµ +∇λRσρµν) = 0
(B.4)
Finally, by rearranging terms, it can be shown that the Jacobi identity also
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holds for three spin tensors.
{Σµν, {Σκλ,Σρσ}}+ {Σκλ, {Σρσ,Σµν}}+ {Σρσ, {Σµν,Σκλ}}
= {Σµν, gκρΣλσ − gκσΣλρ − gλρΣκσ + gλσΣκρ}
+ {Σκλ, gρµΣσν − gρνΣσµ − gσµΣρν + gσνΣρµ}
+ {Σρσ, gµκΣνλ − gµλΣνκ − gνκΣµλ + gνλΣµκ}
= gκρ(gµλΣνσ − gµσΣνλ − gνλΣµσ + gνσΣµλ)
− gκσ(gµλΣνρ − gµρΣνλ − gνλΣµρ + gνρΣµλ)
− gλρ(gµκΣνσ − gµσΣνκ − gνκΣµσ + gνσΣµκ)
+ gλσ(gµκΣνρ − gµρΣνκ − gνκΣµρ + gνρΣµκ)
+ gρµ(gκσΣλν − gκνΣλσ − gλσΣκν + gλνΣκσ)
− gρν(gκσΣλµ − gκµΣλσ − gλσΣκµ + gλµΣκσ)
− gσµ(gκρΣλν − gκνΣλρ − gλρΣκν + gλνΣκρ)
+ gσν(gκρΣλµ − gκµΣλρ − gλρΣκµ + gλµΣκρ)
+ gµκ(gρνΣσλ − gρλΣσν − gσνΣρλ + gσλΣρν)
− gµλ(gρνΣσκ − gρκΣσν − gσνΣρκ + gσκΣρν)
− gνκ(gρµΣσλ − gρλΣσµ − gσµΣρλ + gσλΣρµ)
+ gνλ(gρµΣσκ − gρκΣσµ − gσµΣρκ + gσκΣρµ) = 0
(B.5)
The proofs of the other Jacobi identities are trivial.
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AppendixC
Analytic solution for the spinless ISCO
Eliminating qwm from equations 5.9 and 5.10, gives the following second order
equation in y2:
x2(x− w2)(3x4 − 5x3 + 2x2w2)− x3(x2 + 2x(x− w2))(x2 − 2x+ w2)
y2((3x− x2 − 2w2)(3x4 − 5x3 + 2x2w2) + x2(x− w2)(2x2 − 3x+ w2)
− x3(3− 2x)(x2 − 2x+ w2)− x(x2 + 2x(x− w2))(x2 − 2x+ w2))
+ y4((3x− x2 − 2w2)(2x2 − 3x+ w2)− x(3− 2x)(x2 − 2x+ w2)) = 0,
(C.1)
which can be simplified to
(1− w2)x6 + y2(−x2(3w4 + 2w2x(−5+ 3x) + x2(6− 6x+ x2)))
+ y4(−2w4 − 3w2(−2+ x)x+ x2(−3+ 2x)) = 0. (C.2)
We can solve this equation to obtain an expression for y2:
y2 =
x2
2(2w4 + 3w2(x− 2)x− x2(2x− 3)) (2w
2(5− 3x)x− 3w4
− x2(6+ x(x− 6))±
√
9w2 + (x− 6)x(w2 + (x− 2)x) 32 )).
(C.3)
Substituting this expression into equation 5.9 yields an equation in terms of x,
w and q/m:
x2(x− w2)− (−3x+ x2 + 2w2) x
2
2(2w4 + 3w2(x− 2)x− x2(2x− 3))
(2w2(5− 3x)x− 3w4 − x2(6+ x(x− 6))±
√
9w2 + (x− 6)x(w2+
(x− 2)x) 32 )) = −qw
m
x[(x2 +
x2
2(2w4 + 3w2(x− 2)x− x2(2x− 3))
(2w2(5− 3x)x− 3w4 − x2(6+ x(x− 6))±
√
9w2 + (x− 6)x
(w2 + (x− 2)x) 32 ))(x2 − 2x+ w2)] 12
(C.4)
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